A GENERAL CLASS OF FREE BOUNDARY PROBLEMS 
FOR FULLY NONLINEAR ELLIPTIC EQUATIONS 



ALESSIO FIGALLI AND HENRIK SHAHGHOLIAN 

Abstract. In this paper we study the fully nonlinear free boundary problem 

F{D 2 u) = 1 a.e. in B L n fi 
\D 2 u\ < K a.e. in Bi \ Q, 

where K > 0, and Q. is an unknown open set. 

Our main result is the optimal regularity for solutions to this problem: namely, we prove that 
W 2 ' n solutions are locally C 1 ' inside B\. Under the extra condition that Q, D {Du 7^ 0}, and 
a uniform thickness assumption on the coincidence set {Du = 0}, we also show local regularity 
for the free boundary dQ, n B\ . 



1. Introduction and main result 

1.1. Background. Since the seminal work of Luis A. Caffarelli [2] on the analysis of free bound- 
aries in the obstacle problem, many new techniques and tools have been developed to treat similar 
type of free boundary problems. The linear theory, i.e., when the operator is the Laplacian, has 
been completely resolved in [TJ [2] for Lipschitz right hand side / and when the equation is 
satisfies outside the set where u vanishes (this correspond to the obstacle problem): 

Au = fx{ u ^o} in Si. (1.1) 

Passing below the Lipschitz threshold was a challenging task, as the previous techniques were 
using monotonicity formulas which failed when / £ C a . The main difficulty has been to prove 
the C 1 ' 1 -regularity of solutions. On the other hand the regularity of the free boundary for the 
Laplacian case was still feasible (even in low-regularity cases) due to the fact that after blow-up 
the right hand side becomes a constant, and hence the monotonicity tool applies again. (We 
refer to the above reference for more details.) 

A generalization of the problem towards fully nonlinear operator F(D 2 u) = X{u^o} f° r the 
signed-problem (i.e., u > 0) was completely done by K. Lee |11| and later partial results were 
obtained by Lee-Shahgholian in the case of no-sign obstacle problem |12] , Here, two challenging 
problems were left: (i) C 1 ' 1 -regularity of u; (ii) Classification of global solutions. 

Recently, using harmonic analysis technique, Andersson-Lindgren-Shahgholian [1] could prove 
a complete result for the Laplacian case, with / satisfying a Dini-condition. Actually their 
argument shows that if the elliptic equation Av = f admits a C 1 ' 1 -solution in B\, then the 
corresponding free boundary problem also admits a C 1 ' -solution. From here, the free boundary 
regularity follows as in the classical case. The heart of the matter in pQ lies in their Proposition 1 
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(due to John Andersson) which is a dichotomy between the growth of the solution and the decay 
of the volume of the coincidence set. Indeed, one can show that if (close to a free boundary point) 
the growth of the solution is not quadratic, then the volume of the complement set B r (x°) \ fl 
decays fast enough to make the potential of this set twice differentiable at the origin. From this 
fact, they can then achieve the optimal growth. 

In pQ the authors strongly relied on the linearity of the equation to consider projections of the 
solution onto the space of second order harmonic polynomials. Also, the linearity of the equation 
plays a crucial role in several of their estimates. Here, we introduce a suitable "fully nonlinear 
version" of this projection operation, and we are able to circumvent the difficulties coming from 
the nonlinear structure of the problem to prove C ' regularity of the solution. Using this result, 
we can also show C 1 -regularity of the free boundary under a uniform thickness assumptions 
on the "coincidence set", which proves in particular that Lipschitz free boundaries are smooth. 
Nevertheless, a complete regularity of the free boundary still remains open due to lack of new 
technique to classify global solutions. 

1.2. Setting of the problem. Our aim here is to provide an optimal regularity result for 
solutions to a very general class of free boundary problems which include both the obstacle 
problem (i.e., the right hand side is given by X{u^o} ) an d the more general free boundary problems 
studied in [8] (where the right hand side is of the form X{Vu^o})- 

To include these examples in a unique general framework, we make the weakest possible 
assumption on the structure of the equation: we suppose that u solves a fully nonlinear equation 
inside an open set ft, and in the complement of ft we only assume that D 2 u is bounded. 

Notice that, in the above mentioned problems, the first step in the regularity theory is to show 
that viscosity solutions are W 2 ' p for any p < oo (this is a relatively "soft" part), and then one 
wants to prove that actually solutions are C ' . 

Since the first step is already pretty well understood [H [HJ [13] , here we focus on the second 
one. Hence, we assume that u : B\ — > K is a W 2,n function satisfying 



where K > 0, and ft C R n is some unknown open set. Since D 2 u is bounded in the complement 
of ft, we see that F(D 2 u) is bounded inside the whole B\, therefore u is a so-called "strong L n 
solution" to a fully nonlinear equation with bounded right hand side [5] . We refer to [3] as a basic 
reference to fully nonlinear equations, viscosity methods, and to [9J [8], [13] for several existence 
results for strong solutions to free boundary type problems. 

Let us observe that, if u G W 2 ' n , then D 2 u = a.e. inside both sets {u = 0} and {Vu = 0}, 
so (jl.2p includes as special cases both F(D 2 u) = X{u^o} an d F(D 2 u) = X{Vu^o}- 

We assume that: 



F{D 2 u) = 1 a.e. in BiflQ 
\D 2 u\ < K a.e. in B 1 \ ft, 



(1.2) 



(HO) F(0) = 0. 

(HI) F is uniformly elliptic with ellipticity constants Aq,Ai > 0, that is 



@>~{Q -P)< F(Q) - F{P) < &+(Q - P) 

for any P, Q symmetric, where &~ and ^ + are the extremal Pucci operators: 

(M) := inf trace(A r M), @> + {M) := sup trace(TVM). 
A Id<iV<Ai Id Aq id<7V<Ai Id 
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(H2) F is either convex or concave. 

Under assumptions (H0)-(H2) above, strong L n solutions are also viscosity solutions [5], so 

r2,p 

loc 



classical regularity results for fully nonlinear equations [3] show that u G W\J? {B\) for all p < oo 



In addition, by [6], D 2 u belongs to BMO. 

Our primary aim here is to prove uniform optimal C 1 ^-regularity for u. This is a key step in 
order to be able to perform an analysis of the free boundary. 

Remark 1.1. In order to keep the presentation simple and to highlight the main ideas in the 
proof, we decided to restrict ourselves to the "clean" case F(D 2 u) = 1 inside ft. However, under 
suitable regularity assumptions on F and f , we expect our arguments to work for the general 
class of equations F{x,u,Vu,D 2 u) = f inside £1. 

1.3. Main results. Our main result in this paper concerns optimal regularity of solutions to 

Ob. 



Theorem 1.2. (Interior C > regularity) Let u : B\ — >■ R be a W 2,n solution of (\1.2\) , and 
assume that F satisfies (H0)-(H2). Then there exists a universal constant C > such that 

\D 2 u\ < C, in B 1/2 . 

In order to investigate the regularity of the free boundary, we need to restrict to a more 
specific situation than the one in (|1.2p . Indeed, as discussed in Section O even if we assume 
that D 2 u = outside Q, non-degeneracy of solutions (a key ingredient to study the regularity 
of the free boundary) may fail. As we will see, a sufficient condition to show non-degeneracy 
of solutions is to assume that Q D {Vu 7^ 0}. Still, once non-degeneracy is proved, the lack of 
strong tools (available in the Laplacian case) such as monotonicity formulas makes the regularity 
of the free boundary a very challenging issue. 

To state our result we need to introduce the concept of minimal diameter. Set A := Bi\Q, and 
for any set E let MD(E) denote the smallest possible distance between two parallel hyperplanes 
containing E. Then, we define the minimal diameter of the set A in B r (x) as 

, MD(A n B r (x)) 

o r {u,x) := . 

r 

We notice that 5 r enjoys the scaling property Si(u r , 0) = 6 r (u, x), where u r (y) = u(x + ry)/r 2 . 

Our result provides regularity for the free boundary under a uniform thickness condition. As 
a corollary of our result, we deduce that Lipschitz free boundaries are C , and hence smooth 

noi. 



Theorem 1.3. (Free boundary regularity) Let u : B\ — > R be a W 2,n solution of (|l,2p . Assume 
that F is convex and satisfies (HO)-(Hl), and that one of the following conditions holds: 

- f2 D {Vii 7^ 0} and F is of class C ; 
-OD{u/fl}. 

Suppose further that there exists e > such that 

S r (u,z)> £ Vr < 1/4, z £ dfl n B r (0). 
Then dfl n -B ro (0) is a C 1 -graph, where tq depends only on e and the data. 
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The important difference between this theorem and previous results of this form is that here 
we assume thickness of A in a uniform neighborhood of the origin rather than at the origin only. 
The reason for this fact is that this allows us to classify global solutions arising as blow-ups 
around such "thick points". Once this is done, then local regularity follows in pretty standard 
way. 

The paper is organized as follows: In Section [2] we prove Theorem 11.21 Then in Section [3] 
we investigate the non-degeneracy of solutions, and classify global solutions under a suitable 
thickness assumption. In Section 0] we show directional monotonicity for local solutions, that 
gives a Lipschitz regularity for the free boundary. This Lipschitz regularity can then be improved 
to C . The details of such an analysis are by- now classical and only indicated shortly in Section [5j 



2.1. Technical preliminaries. In this section we shall gather some technical tools that are 
interesting in their own rights, and may even be applied to other problems. Throughout all the 
section, we assume that F satisfies (H0)-(H2). 

With no loss of generality, here we will perform all our estimates at the origin, and later on 
we will apply such estimates at all points where u is twice differentiable, showing that D 2 u is 
universally bounded at all such points. This will give a complete optimal regularity for u; see 
Section O 

For all r < 1/4, we define 



2. Proof of Theorem 11.21 



A r := {x : rx G B r \ Q} = 

Let us also recall that, by [6j Theorem A], 

\\D 2 u\\ BMO{B3/i) 



B r \n 



cJ3i. 



(2.1) 



r 



<C, 



which implies in particular that 




(2.2) 



Here we first show that in (|2.2p we can replace (D 2 u) r fi with a matrix in F 



Lemma 2.1. There exists C > universal such that 



min 4 \D 2 u(y) - P\ 2 dy < C VrG (0,1/4). (2.3) 

F(P)=lJ B r (0) 

Proof. Set Q r := (D 2 u) r fi. Since F(D 2 u) is bounded inside B\, F is Ai-Lipschitz (this is a 
consequence of (HI)), and using (|2.2[) . we arrive at 
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Thus we have proved that F(Q r ) is universally bounded. By ellipticity and continuity (see (HI)) 
we easily deduce that there exists a universally bounded constant (3 G IR such that F(Q r + /3Id) = 
1. Since 



,(0) 

this proves the result. 



I \D 2 u(y)-(Q r + f3M)\ 2 dy<2-f \D 2 u(v) - QA 2 dy + 

J B r (0) J B r (0) 



2/3 2 , 



□ 



For any r G (0,1/4), let P r G F _1 (l) denote a minimizer in (|2 . 3[) (although P r may not be 
unique, we just choose one). 

We first show that P r cannot change too much on a dyadic scale: 

Lemma 2.2. There exists a universal constant Cq such that 

\P 2r -P r \<C Vr 6(0,1/8). 

Proof. By the estimate 

/ \D 2 u{y) - P r \ 2 dy + I \D 2 u(y)-P 2r \ 2 dy<C 

J B r {0) J B 2r {0) 

(see (|2.3|) ). we obtain 

\P 2r - P r \ 2 < 2-1 \D 2 u{y)- P r \ 2 dy + 2-f \D 2 u(y) - P 2r \ 2 dy 

J B r (0) J B r {0) 

<2-f \D 2 u(y)-P r \ 2 dy + 2 n+1 -f \D 2 u(y) - P 2r \ 2 dy < C, 

which proves the result. □ 

The following result shows that if P r is bounded, then so is |n|/r 2 inside B r . 
Lemma 2.3. There exists a universal constant C\ such that 

<Cir 2 Vr£ (0,1/8). 



sup 

B r (0) 



1 



In particular 
Proof. By Lemma [2.11 we know that 



sup |u| < (Ci + \P r \)r 2 . 

B r {0) 



d 2 ^1 _ p 



<C, 



L»(Bi) 



(2.4) 
(2.5) 



that is the function u r {y) := u(ry)jr 2 — ^(P r y,y) satisfies 

II^^IL^) < c. 

We see that F(P r + D 2 u r {y)) = F(D 2 u{ry)) G L°°(Bi), F(P r ) = 1, and n r (0) = Vu r (0) = 0. 
Hence, by interior C > a estimates for the elliptic operator G(Q) := F(P r +Q) — 1 (see for instance 
[U Chapter 5.3]), we deduce that 

\\^r\\c 1 ^{B 1/2 ) < C. 
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In particular 



sup 

B r/2 (0) 



u - UP r y,y) 



sup \u r \ < C. 

Bl/2 



(2.6) 



To prove that actually we can replace r/2 with r in the equation above (see (|2.4p ). we first apply 
(|2.6p with 2r in place of r to get 



sup 

B r (0) 



u - \ {P 2r y,y) 



(2r) 5 



<C, 



and then we conclude by Lemma [2~2 



□ 



We now prove that if \P r \ is sufficiently large then the measure of A r (see (|2. 1 [) ) has to decay 
in a geometric fashion. 

Proposition 2.4. There exists M > universal such that, for any r S (0,1/8), if \P r \ > M 
then 

\A r/2 \ < ' 



2" 



Proof. Set u r (y) := u(ry)/r 2 , and let 



1 



u r(y) = ^(P r y, y) + v r (y) + w r (y), 

where v r is defined as the solution of 

F(P r + D 2 v r ) - 1 = in Si, 
v r = u r (y) - \ {P r y, y) on dB 1 , 

and by definition w r := u r — ^(P r y,y) — v r . Let us observe that, because 

F(D 2 u r ) - F(P r + D 2 v r ) = - XAr , 
by (HI) it follows that w r solves 

^-(D 2 w r ) < -XA r < ^ + (D 2 w r ) in B lt 
w r = on dB\. 

Hence, we can apply the ABP estimate [H Chapter 3] to deduce that 



(2.7) 
(2.8) 



supK| < C||xA-lli"(Si(o)) = c|A 



\l/n 



Bi 



(2.9) 



(2.10) 



Also, since F(P r ) = 1 and v r is universally bounded on dB\ (see (|2.4p ). by Evans-Krylov's 
theorem [U Chapter 6] applied to (|2,8p we have 

\\ D2 v r \\c°'°>(B 3/i (o)) < C. (2.11) 
This implies that w r solves the fully nonlinear equation with Holder coefficients 

G(x, D 2 w r ) = -XA r in £3/4, G(x, Q) := F(P r + D 2 v r (x) + Q) - 1. 
Since G(x, 0) = 0, we can apply [3l Theorem 1] with p = 2n, and using (|2.10p we obtain 



/ 



(0) 



\D 2 W r \ 2n < C (||w r |U«»(B s/ 4) + IIXA r ||L2«(B3 /4 (0))) 



2/i 



< C \Ar 



(2.12) 
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(recall that \A r \ < 1). 

We are now ready to conclude the proof: since |Z) 2 u r | < K a.e. inside A r (by (|1.2p ). recalling 
(|2,7p we have 

/ \D 2 v r + D 2 w r + P r \ 2n = ! \D 2 u r \ 2n <K 2n \A r \. 

JA r nB 1/2 (0) JA r nB 1/2 {0) 
Therefore, by §ZJT§ and (ETT21) . 



|A-ni? 1/2 (o)||p.| 2 " = I \p r \ 2n 

JA r nB 1/2 (o) 

f 

JA r nB 1 



<3 2n / \D 2 v r \ 2n + / \D 2 w r \ 2n + K 2n \A r 



<3 2n [\A r nB 1/2 (0)\\\D 2 v r \\ LX>(Bu9m + I \D 2 w r \ 2n + K 2n \A r 



'A r nB 1/2 (o) JA r ns 1/2 (o) 

1/2(0)1 ||-D 2 Wr||L°°(B 1/2 (0)) 

< C \A r n B l/2 (0)\ +C\A r \. 
Hence, if \P r \ is sufficiently large we obtain 

\A r n B 1/2 (0)| \P r \ 2n < C\A r \ < -L\P r \ 2 "\A r \. 
Since \A r / 2 \ = 2 n \A r n Bi/ 2 (0)\, this gives the desired result. □ 

2.2. Proof of Theorem 11.21 Since by assumption \D 2 u\ < K a.e. outside Q, it suffices to 
prove that \D 2 u(x°)\ < C for a.e. x° 6 n -B1/2, for some C > universal. 

Fix x° € Pi such that u is twice differentiate at x°, and x° a Lebesgue point for D 2 u 
(these properties hold at almost every point). With no loss of generality we can assume that 
x° = and that u(0) = Vu(0) = 0. 

Let M > as in Proposition 12.41 We distinguish two cases: 

(i) liminffc^oo | J^— jb | < 3M. 

(ii) liminffc_j.o l-f2- fe l — 3M. 

Using (|2.5p and the fact that u is twice differentiable at 0, in case (i) we immediately obtain 



D 2 u(0)\ < liminf sup < 2(Ci + 3M). 



2|u 

B 2 _ fc (0) 
In case (ii), let us define 

k := infjfc > 2 : |P 2 -j| > 2M Vj > fc}. 

By the assumption that liminf/^o l-f2- fc l — 3M, we see that ko < 00. In addition, since P\u is 
universally bounded, up to enlarge M we can assume that jo > 3. 

Let us observe that, since by definition |P 2 _ feo _i| < 2M, by Lemma 12.21 we obtain 

|P 2 -fco| < 2M + C . (2.13) 
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We now define the function no := 4 k ° u(2~ k °x) — ^(P 2 -k x,x). Observe that no is a solution 
of the fully nonlinear equation 

G(D 2 u ) = - X A 2 . k0 in Si, (2.14) 

where G{Q) := F(P 2 -k +Q) — 1. In addition, since | — fc I — 2M for all k > ko, Proposition 12.41 
gives 

\A 2 - ko+j | < 2-^|Aj_*o I < 2~ jn V j > 0, 
from which we deduce that XA 2 _ ko decays in L n geometrically fast: 

j\XA 2 _ k X = j \XA^\<Cr« Vr€(0,l). 

Hence, since G(0) = 0, we can apply [31 Theorem 3] to deduce that no is C 2,a at the origin, with 
universal bounds. In particular this implies 

\D 2 u {Q)\ < C. 

Since D 2 u(0) = D 2 uq(0) + P 2 -k and P 2 -k is universally bounded (see ()2.13p ). this concludes 
the proof. 

3. Non-degeneracy and global solutions 

3.1. Local non-degeneracy. Non-degeneracy is a corner-stone for proving smoothness of the 
free boundary. This property says that the function grows quadratically (and not slower) away 
from the free boundary points, that is, sup^^o) \u — u(x°) — (x — x°) ■ S/u(x°)\ > r 2 for any 
x° G Q. However, while in the case An = X{u^o} or An = X{V«^o} non-degeneracy is known to 
hold true, in the case An = X{D 2 u^o} non-degeneracy may fail. 

To see this, one can consider the one dimensional problem u" = X{u"^o}- Every solution is 
obtained by linear functions and quadratic polynomial in a C ' way. In particular, if mN 
is a countable family of disjoint intervals, the function 

u(t) := / / xn{T)drds, Q,:=UjIj 
Jo Jo 

satisfies u" = Xtt = X{u"^o}> an d if we choose Ij such that 

\Qn (-r.r)l 

i — — as r -> 0, 

2r 

then it is easy to check that u(r) = o(r 2 ) as r — > 0. 

A possible way to rule out the above counterexample may be to consider only points in £1 such 
that $7 has a uniform density inside B r (x°). We will not investigate this direction here. Instead, 
we show that non-degeneracy holds under the additional assumption that Q D {Vu 7^ 0} (which 
is sufficient to include into our analysis the cases F(D 2 u) = X{u^o} an d F(D 2 u) = X{V«^o})- 

Lemma 3.1. Let u : B 1 ->■ E be a W 2 > n solution of (fL2|) . assume that F satisfies (H0)-(H2), 
and that Q D {Vu 7^ 0}. Then, for any x° G Q n B1/2, 

max u > u(x°) + Vr G (0,1/4). 

8B r (x0) 2n\i 



FREE BOUNDARY PROBLEMS FOR FULLY NONLINEAR ELLIPTIC EQUATIONS 



9 



Proof. By approximation, it suffices to prove the estimate for x° £ Q. In addition, since D 2 u = 
a.e. inside the set {Vu = 0}, F(D 2 u) = 1 in Q, and F(0) = (by (HO)), we see that {Vu = 0} 
has measure zero inside f2. This implies that the set f2 n {Vu ^ 0} is dense inside f2, and so we 
only need to prove the result when x° 6 Q n {Vu ^ 0}. 

Let us define the C ' function (recall that u £ C ' because of Theorem II . 2|> 

I I 2 

v(x) := u{x) — . 

ln\\ 

By (HI) we see that 

F(D 2 v) = F{D 2 u-U/{n\ 1 )) > F(D 2 u) - ^ + (ld/(nAi)) > infinfli. (3.1) 
We claim that 

max v = sup v. 

dB r ( x o) Br(x0) 

Indeed, if there exists an interior maximum point y £ B r (x°), then 

= Vv(y) = Vu(y)-^^. (3.2) 

Since by assumption x° G {Vu 7^ 0} we have Vu(x°) / 0, so !/ / x°. In particular Vw(y) = 
^ 0, and thus y E. CI. Recalling that v is a subsolution for F inside On 61 (see (HO) 
and (|3.ip ). by the strong maximum principle v is constant inside the connected component of 

Pi B r (x°) containing y. Hence \7v(y) = inside such component, so by fj3.2j) we deduce that 
this connected component contains the whole ball B r (x°) (since Vu = outside Q). Hence v is 
constant in B r (x°) and claim is trivially true. 

Thanks to the claim we obtain 

max u — = max v > v(x°) = u(x°), 

dB r (xO) 2n\i dB r {x°) 

which proves the result. □ 

3.2. Classification of global solutions. Now that non-degeneracy is proven, we can start 
considering blow-up solutions and try to classify them. We shall treat the case Q D {Vu 7^ 0}. 
Our results would work also for the case Q, D {D 2 u 7^ 0} if the assumptions are strengthened in 
a way that solutions stay stable/invariant in a blow-up regime. 

Since we will use minimal diameter to measure sets, we need some facts about the stability 
property minimal diameter. Let us first recall the definition for 5 r (u,x): 

MD(AnB r (x)) 

o r (u,x) := , A := B\ \ \l. 

r 

We remark that, for polynomial global solutions P2 = Yl a j' x j 

(with a,j such that F(D 2 P 2 ) = 1), 

one has 

5 r (P 2 ,0) = 0. (3.3) 

Indeed, the zeros of the gradient of a second degree homogeneous polynomial P2 always lie on a 
hyperplane. 
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The next observation is the stability of S r (u, x) under scaling: more precisely, if x G dQ n B\ 
and we rescale u as u r (y) := u ( x+r y)~ u ( x ) (notice that Vu(x) = for all x G d£l), then 

S r (u, x) = Si(u r , 0) (3.4) 

which along with the fact that limsup r _ >0 A(it r ) C A(uq) whenever u r converges to some function 
ito ( see |13| Proposition 3.17 (iv)]) gives 

limsup 5 r (u, x°) < 5i(uq, 0). (3.5) 

r->0 

Since any limit of u r will be a global solution of (|1.2p (i.e., it solves ()1.2p in the whole M n ), we 
are interest in classifying global solutions. 

In the next proposition we classify global solution with a "thick free boundary". 

Proposition 3.2. Let u : W 1 — > R be a W 2,n solution of (|1.2|) inside M. n , assume that F 'is 
convex and satisfies (HO)-(Hl), and that Q, D {Vn 7^ 0}. Assume that there exists €q > suc/i 

<5 r (u,x°) > e Vr > 0, Vx° G dVt. (3.6) 

T/jen u is a half-space solution, i.e., up to a rotation, u(x) = 7[(xi)+] 2 /2 + c, where 7 G 
(1/Ai, 1/Ao) is such that F(-fe\ <S> ei) = 1 and c G R. 

Proof. We first prove that it is convex. Suppose by contradiction that n is not, and set 

m := inf d ee u(z) < 0. 

Observe that, thanks to Theorem 11.21 u is globally C ' in M n , so m is finite. 
Let us consider sequences y J G and e- 7 G § n_1 such that 

d e j e ju(y j ) -> m as j -)■ 00. 

Rescale u at y- 7 with respect to cL- := dist(y- J , 5J7), i.e., 

u{djX + y 3 ) — u(y J ) — djVu{y 3 ) ■ x 



Uj(x) :- 



Also, up to rotate the system of coordinates, we can assume that (up to subsequences) e J — > e\. 
Then the functions v? still satisfy (|1.2p . and they converge to another global solution Uoo which 
satisfies 3nttoo(0) = — m. Let us observe that, by convexity of F, duu^ is a supersolution 
of the linear operator Fij(D 2 u oc )dij. Hence, since duu oa (z) > — m inside -Bi(O), by the strong 
maximum principle we deduce that dwUoo is constant inside the connected component containing 
-Bi(O) (call it fioo)- Also, since D ee Uoo(z) > —m inside -Bi(O) for any e G § n_1 , it follows that 
e\ is an eigenvector of D 2 u at every point (which corresponds to the smallest eigenvalue). In 
particular this implies that dyUoo = for any j = 2, . . . ,n inside Q. Hence, integrating in 
the direction e\ gives 

^oo(^) = P{x) inside Oqo, (3.7) 

where 

P{x) := —mxi/2 + ax\ + b(x'), x = (X2, ■ ■ ■ , x n ). 
We now observe that the set where d\P vanishes corresponds to the hyperplane {x\ = a/m}. 
Since Viioo = on <9Sloo> w e deduce that dQoo C {x\ = a/m}. We now distinguish two cases: 
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- If <9f2oo 7^ {x\ = a/m} then the set contains W 1 \ {x\ = a/m} (since Vmqo could 
not vanish anywhere else), and so F(D 2 u OQ ) = 1 a.e. in W 1 . Since Uqq grows at most 
quadratically (because of the global C 1 ' 1 regularity), we can apply Evans-Krylov's the- 
orem [U Chapter 6] to u oc (Ry) / R 2 inside B\ to deduce that 

\D 2 Uoo (x)- D 2 Uqq(z)\ < C_ 

x,z£B R \ x ~ z \ a R a 

Letting R — > oo we obtain that D 2 Uoq is constant, and so Uqo is a second order polyno- 
mial. 

- If d£loo = {x\ = a/m}, since Vuqo = on <9f2oo we get that V X >P = on the hyperplane 
{xi = a/m}. Hence b is constant and so 

Uqo = —mx\/2 + ax\ + b inside {x\ > a/m}, 

which contradicts (HO) and (HI) (because F(D 2 u oa ) = 1 while D 2 Uoo = —mid is nega- 
tive definite). 

In conclusion we have proved that if u is not convex, then second order polynomial. 

Invoking the minimal diameter assumption (j3.6[) and the stability properties (|3.4p - (|3.5p along 
with (|3.3p . we conclude that Uoq cannot be a second degree polynomial, and thus a contradiction. 

Hence, we have proved that u is convex. Recall that, since F(D 2 u) = 1 in fi, we have 
|f2 \ {Vu = 0}|, and by convexity of u and the thickness assumption it is easy to see that 
Q = {Vn + 0}. 

We now show that the set A(tt) = {Vit = 0} is a half-space. For simplicity we may assume the 
origin is on the free boundary. Consider a blow-down obtained as a limit (up to a subsequence) 
of u(Ry)/R 2 as R — > oo. It is not hard to realize that A(uoo) = {x G A(u) : tx G A(n) Vi > 0}. 
In other words, the coincidence set for the blow-down is convex, and coincides with the largest 
cone (with vertex at the origin) in the coincidence set of the function u. Assume by contradiction 
that A(uoo) is not a half-space. Then, in some suitable system of coordinates 

A(i(oo) C Cq := {i £ 1" : x = (pcosO, psm6,X3, . . . ,x n ), 9$ < \6\ < ir} 

for some #o > tt/2. Hence, if we choose 9\ G (tv/2,6q) and set a := tt/9i, then it is easy to check 
that, for (3 > sufficiently large (the largeness depending only on Q\ and the ellipticity constants 
of F), the function 

v = r a^ e -/3sin(a6») _ g"/ 3 ) 

is a positive subsolution for the linear operator Fij(D 2 u)dij inside M. n \ C\ (see for instance |11|). 
and it vanishes on dCg 1 . Hence, because (?iMoo > inside R™ \ Cg a (by convexity of Uoq) and 
6q > 0i, by the comparison principle we deduce that 

v < diUoo. 

However, since a < 1, this contradicts the Lipschitz regularity of diUoo at the origin. 

So A(u 00 ) is a half space, and since A(u 00 ) C A(u) and the latter set is convex, we deduce 
that A(u) is a half-space as well. 

Finally, to conclude the proof, it suffices to consider the function w obtained by reflecting u 
with respect to dA(u) in a even fashion: in this way w G C 1 ' 1 (since Vu vanishes on <9A(u)) 
and F(D 2 w) = 1 a.e. in ~R n , so to is a second order polynomial. Hence also u is a second order 
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polynomial inside the half-space W 1 \ A(u), and since Vii = on the hyperplane dA(u), it is 
immediate to check that it has to be a half-space solution. □ 

4. Local solutions and directional monotonicity 

In this section we shall prove a directional monotonicity for solutions to our equations. In 
the next section we will use Lemmas 14.11 and 14.21 below to show that, if u is close enough to a 
half-space solution 7[(xi) + ] 2 in a ball B r , then for any e £ §> n_1 with e • e± > s > we have 
C()d e u — u > inside B r / 2 - 

4.1. The case Q D {u / 0}. 

Lemma 4.1. Let u : B\ — > K be a W 2,n solution of (|1.2p u/ii/i D {n / 0}. Assume that 
Cod e u — u > — £o *n -Bi / or some Co,£o > 0, and that F is convex and satisfies (HO)-(Hl). Then 
Cod e u — u > in By 12 provided Eo < l/(8nAi). 

Proof. Since .F is convex, for any matrix M we can choose an element P M inside dF(M) (the 
subdifferential of F at M ) in such a way that the map M i— > P M is measurable. Then, since 
that u £ C lo '"(r2) (by Evans- Krylov's Theorem [H Chapter 6]), we can define the measurable 
uniformly elliptic coefficients 

aij (x) := (P D2u ^) l3 £ dF{D 2 u{x)). 

We now notice two useful facts: first of all, since au £ dF(D 2 u), by convexity of F we deduce 
that, for any x £ Q and h > small such that x + he £ 

, , dijuix + /ie) - a i7 u(a;) F(D 2 u(x + he)) - F(L» 2 u(x)) „ 

aij{x)— ; < — r = °. 

h h 

so, by letting h — > 0, 

aijdijd e u < in O. (4.1) 
Also, again by the convexity of i 7 and recalling that F(0) = 0, we have 

aijdiju > F(D 2 u) - F(0) = 1 in (4.2) 

Now, let us assume by contradiction that there exists yo £ ^1/2 suc h that Cod e u(yo) — u(yo) < 0, 
and consider the function 

|x ^ p 

u>(x) := C d e u(x) - u(x) H — . 

ln\\ 

Thanks to (|4. 1 1) . (|4.2p . and assumption (HI) (which implies that Ao Id < a- v j < Ai Id) we deduce 
that w is a supersolution of the linear operator J2? := aijdij. Hence, by the maximum principle, 

min w = min w < w(yn) < 0, 
9(nr\Bi) nnBi 

where the first inequality follows from the fact that yo £ fifl^ift (since u = Vu = outside Q). 
Since w > on <9$7 and |x — yo| 2 >l/4on <9.Bi, it follows that 

1 

> mm w > —£o + 



9Bi 8nAi ' 

a contradiction if £q < l/(8nAi). D 
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4.2. The case O D {Vu / 0}. 

Lemma 4.2. Lei u : Bi ^ R be a W 2 ' n solution of ()1.2|) w£/t D {Vii / 0}. Assume that 
Cod e u — |Vii| 2 > — eo in B\ for some Co, £o > 0, and that F is convex, of class C , and satisfies 
(HO)-(Hl). Then C d e u - \Vu\ 2 > in B 1/2 provided e < A /(4n 2 Af). 

Proof. By differentiating the equation F(D 2 u) = 1 inside Q, we deduce that 

Fij(D 2 u)dijVu = 0. (4.3) 

We now observe that, since Fy G C° (because F G C 1 ) and D 2 u G C] 2 '"(0) (by Evans-Krylov's 
Theorem [U Chapter 6]), Vti solves a linear elliptic equation with continuous coefficients, so by 
standard elliptic theory Vn G (^) for any p < oo. Hence, we can apply the linear operator 
Fij(D 2 u)dij to the function |V«| 2 , and using (|4.3p we obtain 

i ? ij(-D 2 ^)5i-,|Vn| 2 = 2 i y F i j(D 2 u)dijdku) ■ 8 k u + 2 J F ij (L> 2 u)d ii ud ifc u 

= 2F ij (D 2 u)di j ud ik u. 

Now, if for every point i£!!we choose a system of coordinates so that D 2 u is diagonal, since 
Fa(D 2 u) > Xq for all i = 1, . . . , n (by (HI)) we obtain 

F 4j ( J D 2 n( 2 ;))^|Vn| 2 (rE) = 2F ii (Z> 2 «(a;)) (A^(x)) 2 > 2A |D 2 u(:r)| 2 . 

Using (HI) again, we also have 

1 = F(D 2 u) - F(0) < v^AilZ) 2 ^! inside Q, 

so by combining the two estimates above we condude that 

i^(D 2 u))%|Vu| 2 > 2A /(nA 2 ). (4.4) 

Thanks to (I4.3P and ()4.4p . we conclude exactly as before considering now the function 

Aok - 2/o I 2 



w(x) := C d e u(x) - |Vu| (x) + 



□ 



5. Proof of Theorem 11.31 

As already mentioned in the introduction, once we know that blow-up solutions around "thick 
points" are half-space solutions (Proposition 13. 2|) and we can improve almost directional mono- 
tonicity to full directional monotonicity (Lemmas 14.11 and 14. 2p . then the proof of Theorem 11.31 
becomes standard. For convenience of the reader, we briefly sketch it here. 

We consider only the case when D {u 7^ 0} (the other being analogous). 

Take x G d£l D -B1/8, and rescale the solution around x, that is, consider u r (y) '■= [u(x + 
ry) — u(x)]/r 2 . Because of the uniform C > estimate provided by Theorem 11.21 we can find a 
sequence rj — > such that u r . converges locally in C 1 to a global solution u$ satisfying Uo(0) = 0. 
Moreover, by our thickness assumption on the free boundary of u and (|3.5p . it follows that the 
minimal diameter property holds for all r > and all points on the free boundary d£l(uo). Then, 
by Proposition 13.21 we deduce that uq is of the form no = j[(x ■ e x )+] 2 /2 with 7 G [1/Ai, 1/Ao] 
and e x G S"" 1 . 
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Notice now that, for any s > 0, we can find a large constant C s such that 

C s d e uo — uq > 0, C s d e uo — |Vuo| 2 > inside B\ 

for all directions e S S™^ 1 such that e ■ e x > s. Since u r . — >■ uq in Gt , we deduce that, for 
j sufficiently large (the largeness depending on s), the assumptions of Lemma 14.11 are satisfied 

with u = u r . . Hence 

j 

C s d e u r . -u rj > in B 1/2 , (5.1) 

and since u rj (0) = a simple ODE argument shows that u r . > in -B1/4 (see the proof of 
Lemmas 4.4-4.5 in |13|). 

Using (|5.ip again, this implies that d e u Tj inside -B1/4, and so in terms of u we deduce that 
there exists r = r(s) > such that 

d e u > inside B r (x) 

for all e G S™^ 1 such that e ■ e x > s. 

A simple compactness argument shows that r is independent of the point x, which implies that 
the free boundary is s-Lipschitz. Since s can be taken arbitrarily small (provided one reduces 
the size of r), this actually proves that the free boundary is C 1 (compare for instance with |13^ 
Theorem 4.10]). Higher regularity follows from the classical work of Kinderlehrer-Nirenberg |10| . 
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